INFINITE DIMENSIONAL CHERN-SIMONS THEORY 



STEVEN ROSENBERG AND FABIAN TORRES- ARDILA 

Abstract. We extend finite dimensional Chern-Simons theory to certain infinite 
dimensional principal bundles with connections, in particular to the frame bundle 
FLM — > LM over the loop space of a Riemannian manifold M. Chern-Simons 
forms are defined roughly as in finite dimensions with the invariant polynomials 
replaced by appropriate Wodzicki residues. This produces odd dimensional R/Z- 
valued cohomology classes on LM if M is parallelizable. We compute an example of 
a metric on the loop space of x for which the three dimensional Chern-Simons 
class is nontrivial. 



1. Introduction 

A principal G-bundle E — > B with connection has characteristic classes deter- 
mined by applying invariant polynomials P on the Lie algebra of G to the curvature 
Vt of the connection. The apparently worst possible case, when the form van- 
ishes pointwise, in fact leads to nontrivial secondary classes, the Chern-Simons classes, 
in M/Z) i3|. For the frame bundle of a Riemannian manifold, these classes 

contain geometric information. 

This theory assumes that G is a finite dimensional Lie group. For interesting 
infinite dimensional Riemannian manifolds such as spaces of maps C°°{N, M) between 
Riemannian manifolds, and in particular for loop spaces LM, the frame bundle has 
as structure group the gauge group Q of an auxiliary finite rank bundle. However, the 
Levi-Civita connection on mapping spaces takes values in pseudodifferential operators 
(\E'DOs) on the auxiliary bundle, so it is necessary to expand the structure group to 
EUq, the group of zeroth order invertible \l/DOs. 

In [TU] , a theory of characteristic classes was developed for Q- and Ellp-bundles. The 
invariant polynomials for classical groups are generated hy Tr(yl'), but the ^DOs 
for mapping spaces are often not trace class operators. Thus the invariant polynomials 
in use alternate traces, namely the leading order symbol or the Wodzicki residue, 
to construct characteristic forms and classes. While there are examples of nontrivial 
leading order Chern classes, no nontrivial examples of the more natural Wodzicki- 
Chern classes are known. 

Both the leading order Chern forms (more precisely, Pontrjagin forms) and the 
Wodzicki-Chern forms vanish on the frame bundle FLM — ^ LM for loop spaces 
(except possibly the first Wodzicki-Chern form - see §4), so it is natural to look for 
Chern-Simons classes. This paper develops a theory of Chern-Simons classes for loop 
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spaces for the two types of characteristic classes. For the frame bundle, we are unable 
to produce nonzero leading order Chern-Simons classes. However, the first Wodzicki- 
Chern-Simons class is nontrivial in H^{L{S^ x S'^),M/Z) for a wide class of metrics, 
which shows that this theory is nonvacuous. 

The paper is organized as follows. In §2, relevant results on the Riemannian geome- 
try of FLM are collected. In §3, finite dimensional Chern-Simons theory is reviewed, 
and the theory is extended to infinite dimensional bundles with structure group either 
Q or EIIq. §4 gives an integrality result for leading order Chern classes (this is joint 
work with S. Paycha) and new vanishing results for these classes. The integrality 
result and the existence of a classifying space with universal connection for the gauge 
group are crucial to define Chern-Simons classes for ^-bundles. Unfortunately, we 
do not know if these results hold for Ellg-bundles. As a result, we can only define 
Chern-Simons classes for trivial EllQ-bundles, such as loop spaces of parallelizable 
manifolds, and the Chern-Simons class apparently depends on the choice of a global 
frame. This restriction to parallelizable manifolds often occurs even in finite dimen- 
sions, as Chern-Simons classes are notoriously difficult to compute. In any case, in 
§5 a strategy for proving the nontriviality of a Chern-Simons class is given, and in §6 
this is applied to produce a nontrivial Wodzicki-Chern-Simons class on L{S^ x 5*^). 

Helpful conversations with David Fried and Sylvie Paycha are gratefully acknowl- 
edged, particularly in §4.1. 

2. Preliminaries on the Geometry of LM 

Let (M, ( , )) be a compact oriented Riemannian n-manifold with loop space LM = 
C°°{S^, M) of smooth loops. LM is a smooth infinite dimensional manifold, but it is 
technically simpler to work with the smooth manifold of loops in some Sobolev class 
s ^ 0, as we now recall. For 7 G LM, the formal tangent space T^LM is r{'j*TM), 
the space of smooth sections of the pullback bundle '~f*TM — > S^. For s > 1/2, we 
complete r(7*TM) with respect to the Sobolev inner product 

(X, r), = i- y ((1 + AyX{a), Y{a)),(^)da, X, F e r(7*TM). 

Here A = D*D, with D = D/d'-f the covariant derivative along 7. We denote this 
completion by H%YTM). 

A small neighborhood of the zero section in H^{'y*TM) is a coordinate chart 
near 7 in the space of loops via the pointwise exponential map 

exp^ : — > LM, X h-^ [a t-^ exp^(^) X{a)) . 

It is easy to check that exp^ is a bijection onto its image. The differentiability of the 
transition functions exp~"^ • exp^^ is proved in |4^ and jS] Appendix A]. Since ■j*TM is 
(non-canonically) isomorphic to the trivial bundle TZ"^ = x R" — > S^, the model 
space for LM is the set of sections of this trivial bundle. 
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2.1. The Tangent Bundle TLM. The tangent bundle TLM has transition func- 
tions d{exp~^ oexp^^). Under the isomorphisms T^^LM ~ 7^" ^ T^^LM, the transi- 
tion functions are gauge transformations of 7^". 

The if* metric makes LM a Riemannian manifold. The Levi-Civita connection 
on LM is determined by the six term formula 

{V'yX,Z), = X{Y,Z), + Y{X,Z)s-Z{X,Y)s 

+ Y],Z)., + {[Z, X],Y), - {[Y, Z], X),. 

V* is explicitly computed in [7;, Theorem 2.2]: 

2{W^Yr = 2{5xYr + (1 + A)~* [g'^fdygefiil + A)*F)^ + {Sx{l + AyYy] 

+(1 + A)-* [g^^6Ygbf{{l + A)*X)^ + (5y(l + Ayxy] (2.1) 

-(1 + A)-* [g^'Stghfii^ + AyxfY^ + ^^/((l + ArxfY^] , 

where 6x is the variation in the X direction, and the g^s and F's are the metric 
tensor and Christoffel symbols of M in a local frame {6^(71, a) € T^j(q,)M} for 71 in 
a neighborhood of 7. By (j2.ip . the connection one-form of the operator Y 
is a pseudodifferential operator (\1/D0) of order acting on sections of '~f*TM. The 
curvature n%X, Y) = V^Vf- - V?.V^ - V[^ y], as an operator Z ^ n'{X, Y)Z, is 
a ^'DO of order -1 [7j. 

2.2. The Frame Bundle FLM. The frame bundle FLM — > LM is constructed 
as in the finite dimensional case. The fiber over 7 is isomorphic to the gauge group 
Q of TZ"' and fibers are glued by the transition functions for TLM. Thus the frame 
bundle is topologically a ^-bundle. 

However, the connection and curvature forms take values in \l'DO<o, the set of 
\[^DOs of order at most zero. These forms should take values in the Lie algebra of 
the structure group, so we consider the extended structure group EIIq, the group of 
classical invertible (and therefore elliptic) \l/DOs of order acting on 7^", as \[^DO<o = 
Lie(EllQ). Note that Q embeds in EIIq as multiplication operators. Thus {FLM, O"^) as 
a geometric bundle (i.e. as a bundle with connection 9^ associated to V'^, as explained 
below) is a Ellg-bundle. 

In summary, we have 

g — > FLM Ell* — > {FLM, 9') 

I I 
LM LM. 

2.3. Connections on the Frame Bundle. We summarize the relationship between 
the Levi-Civita connection on the frame bundle and local expressions for the Levi- 
Civita connection on the tangent bundle. Let x '■ ^ — ^ FN be a local section of 
the frame bundle of an n-manifold N. A metric connection V on TN with local 
connection one-form u determines a connection 9fn ^ A^{FN,5o{n)) on FN by (i) 
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the standard property for OpN on vertical vectors, and (ii) 6fn{Xu) = ^{Xp), for 
Yu = X*^p [lit, or equivalently 

X*Ofn = uj. (2.2) 

For = LM, V determines a connection 9" e A^(LM, \l>DO<o) on FLM, and the 
computations of the symbols ao{9^), o"_i(6'^) reduce to the computations of cro(ci;*) 
and of the Levi-Civita connection one-form. By [7J, for X G r{'j*TM), we 

have 

ao{uj%X))f = \ [Vl + g'^'gi^V^) (2.3) 

+rdnrl,X^ + r^,X- - Tlg^'TlX'grir - Tl^gipT^X^r 
+ (g'^^TlX-yg,,] , (2.4) 

where ' = d/da along 7. Using a frame {ipa} dual to {cq}, we may express e.g. (j2.3j) 
as a form: 

M^ni=lK+9'%sTQr (2.5) 

3. Chern-Simons Forms 

In this section, the essentials of Chern-Simons theory are reviewed and extended 
to infinite dimensions. First, we recall the theory of characteristic classes in finite 
dimensions and the main results of the seminal paper |^. 

3.1. Characteristic Classes. Consider a finite dimensional Lie group G, a manifold 
M, and a G-bundle E — > M. For g = Lie(G), set = g®' and 

/'(G) = {P : — > M \P symmetric, multilinear, ad-invariant}. 

For (f) e A''{E, g^), P e P{G), set P(0) = P o e A''{E). Two key properties are: 

• (The commutativity property) For (p G A^(i?,g'), 

d{P{cj>)) = P{dct>). (3.1) 

• (The infinitesimal invariance property) For ipi G A'^'(i?,g), (j) G h^{E,Q) and 
P G /'(G), 

^(_l)fci+-+fc.p(^^ A ■ ■ ■ A [V-,, 0] A . . . = 0. (3.2) 

i=l 

Remark 3.1. For classical Lie groups G, 1)3.11) and ()3.2j) follow trivially from the 
fact that the polynomials I\G) is generated by the Newton polynomials Tr(A') and 
properties of the ordinary finite dimensional trace. 
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Theorem 3.1 (The Chern-Weyl Homomorphism 6 ). Let E — > M have a connec- 
tion 9 with curvature VLe € h?{E,Q). For P G I\G), P{VL^e) is a closed invariant 
real form on E, and so determines a closed form P{Qm) ^ A^'(M, M), a form with 
liftPiQ}^). The Chern-Weil map 

(Bi=il\G) H*{M,R), P ^ [P(fiM)] 

is a well-defined algebra homomorphism. 

[P{Qm)] is called the characteristic class of P. 

3.2. Chern-Simons Theory for Finite Dimensional Bundles. A crucial obser- 
vation of Chern-Simons is that P{Q'-^) is exact, although in general P{flM) is not. 

Proposition 3.2. ^ Proposition 3.2] Let G be a finite dimensional Lie group. For 
a G -bundle E M with connection 6 and curvature = ^Ie, o^nd for P G l\G), 
set 

ct), = tn + ]^{e-t)[e,e] 

TP{d) = 1 [ P{9A <p\-^)dt. 
Jo 

Then dTP{e) = P{Q) G A^\E). 

Proof. We recall the proof for later purposes. Set f{t) = P{(j)[), so P(f2') = f'{t)dt. 
We show fit) = I ■ dP{9 A by computing each side. First, we have 



dt ^ \dt y \dt 

lP{QA<P'-') + l(^t-^^P{[0,0]A<P\-') 



(3.3) 



where we have used the commutativity property (j3.H) . On the other hand, we have 

I ■ dP{e A = ip{de A<p\-^)-i{i-i)P{e Ad<i)tA<p\'^) (3.4) 
= iP{VL A 4-^) - Up{[e, e] A - i{i - i)P{e a d<Pt a 0^^), 

by ()3.1|) and the structural equation VL = dO + \[9,6]. Since = t[0(,6'], the last 
term in ()3.4|) equals 

/(/ - l)P{e A d(j)t A 0^-2) = /(/ - l)P{e A 6] A 4-'^). 

Using the invariance property ()3.2j) with (p = 9, ipi = 6 and tpk = "^t, k = 2, . . . ,1 — 1, 
we obtain 

l{l - 1)P{9 A t[(Pt, 9] A 4-^) = -ltP{[9, 9] A 4-^). 
This implies fj3.4|) equals ()3.3|) . □ 
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Setting M = BG in the theorem gives the universal Chern- Weil homomorphism 

W : l\G) — > H^\BG,R). 

We write P G Io{G) if W{P) G H'^\BG,'L). For this subalgebra of polynomials, we 
obtain more information on TP{9). 

Theorem 3.3. 3, Proposition 3.15]. Let E — > B he a G-hundle with connection 6. 

For P G Iq{G), let TP{6) he the mod Z reduction of the real cochain TP{6). Then 
there exists a cochain U G C^'~"'^(-B, M/Z) such that 

TP{e) = 7r*(f/) + cohoundary. 

The proof is essentially given in Theorem 13.81 below. 

Corollary 3.4. Theorem 3.16] Assume P G Pq{G) and P(^^E) = 0. Then there 
exists GSp{d) G i/2i-i(5^K/Z) such that 

TP{e)\ = 7i*{GSp{e)). 

Proof. Choose U G ^^'-^(E, M/Z) as in Theorem HOI Since P(fi^) = 0, Proposition 

O implies 6TP{9) = dTP{e) = 0. By Theorem FOl 7i*U and TP (9) are cohomolo- 
gous. Set GSp{9) = [U]. □ 

Notice that the secondary class or Chern-Simons class CSp{6), is defined only 
when the characteristic form P{Qe) vanishes. The proof of Theorem 13.81 shows that 
CSp{6) is independent of the choice of U . 

The following corollary will be taken as the definition of Chern-Simons classes for 
trivial Ellp-bundles (see Definition 13. 2|) . 

Corollary 3.5. Let {E, 0) — > B he a trivial G-hundle with connection, and let x he 
a glohal section. For P G Iq{G), 

GSp{e) = x*[TP{e)]. 

Proof. This follows from Corollarv 13.41 and vrx = Id. □ 

3.3. Chern-Simons Theory on Loop Spaces. In jTUj, Chern forms are defined on 
vector bundles with structure group EIIq and with EllQ-connections, or equivalently on 
principal EllQ-bundles with connections, where the \E'DOs act on sections of a finite 
rank bundle E — > N over a closed manifold. The key technical point is to find 
suitable analogs for the polynomials P G l\G). We single out two analogs of the 
Newton polynomials Tr(y4'): for A G EIIq, define 

pI'\A) = k{l) [ Tr (ao(A')(a;,0) d^dx. (3.5) 

Js*N 

Here S*N is the unit cosphere bundle of and k{l) = {2niy\Vo\ N)~^. Note that 
di = (27ri)~' is the normalizing constant such that [d/ Tr((fi")')] G H'^''{BU{n),Z) for 



INFINITE DIMENSIONAL CHERN-SIMONS THEORY 



7 



a connection 9^ on EU{n) — > BU{n). In pj;^^ is called a Leading Order Symbol 
Trace. 
The second analog is 

Pl-^\A) = k{iy f i:i{a_n{A^){x,i)) didx. (3.6) 

J S*N 

pI~^\A) is a multiple of the Wodzicki residue of A^. The factor insures that 
the Wodzicki residue of a real operator is real. As usual, Pi^\i = 0, —1, determine 

polynomials by polarization. 

For P/'\ the commutativity and invariance properties hold because ()3.5p and ()3.6p 
are tracial [IHl (i.e. Tr[ai(A5)] = TT[ai{BA)] for A, B e ^D0<o). In particular, P/'^ 
are in both /^(^), /^(EUq) (ahhough trivially P/"^^ = on ^). 

The proof of Proposition 13.21 to carries over to EllQ-bundles, and so to the frame 
bundle of loop space. 

Proposition 3.6. For a bundle EWQ-bundle with connection {S,9) B, and for 
P e /'(Ell*), set 

ct>^ = tn + he-t)[e,ei 

rl (3.7) 

TP{e) =1 P{0A <f)i-^)dt 
Jo 

Then dTP{e) = P(fi'). 
In the Proposition, we can replace EIIq by Q. 

Remark 3.2. The tracial properties of P/*'' imply that P/*''(fi) is a closed form 
with cohomology class independent of the connection 6. The cohomology classes for 
P;''°\ Pj^"^'* are the components of the so-called leading order Chern character and 
the Wodzicki- Chern character. Using Newton's formulas, the Chern characters define 
Chern classes cf\ c]^^, as usual. Examples of nontrivial leading order Chern classes 
are given in JU]. No nonzero examples of Wodzicki- Chern classes are known; see §4.2. 

The main goal of this section is to show that Theorem 13.31 extends to the frame 
bundle FLM for P = P/°''. For P/ ^\ we only get an extension of CoroUarv 13.51 
As a first step, we have 

Lemma 3.7. Let EUq be the set of invertible zeroth order ^DOs acting on sections 
of the trivial bundle TZ^ . Then p/'^'* G Ig{Q)- 

Proof. See gH □ 
As in 0, we have 
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Theorem 3.8. Let {S, 6) — > B be a Q -bundle with connection 9 and assume Pi{VL) = 

0. Let TP{6) be the mod Z reduction ofTP{6). Then there exists a cochain U G 
C2'-i(i3,M/Z) such that 

TP{d) = 7f*{U) + coboundary. 

Proof. By j^l §4], EQ — > BQ has a universal connectionn 9 (with curvature (l). Thus 
there exists a geometric classifying map (j) : B — > BQ: i.e. {S,6) ~ {(f)*EQ,(f)*6). By 
Lemma EH P G /o(^), so its mod Z reduction is zero. From the Bockstein sequence 

> H%Bg, Z) — > H\Bg, M) ^^^^ H\Bg, M/Z) — > H'+\Bg, Z) — ^ • ■ ■ 

we deduce that P{Cl) represents an integral class in Bg. Thus P{^) as a cochain 
vanishes on all cycles in Bg, and hence is an M/Z coboundary, i.e. there exists u G 

C2'-i(5^,M/Z) such that 6u = P{n). We have 

Sn*{u) = n*{5u) = n*{P{n)) = dTP{e) = 5{TP{e)). 

The acyclicity of Eg implies TP{6) = 'k*{u) + coboundary. Now set U = (jf{u). □ 

Definition 3.1. Let {S,6) — > B be a g-bundle with connection 9 and curvature VL, 
and assume Pi^\^l) = 0. In the notation of Theorem \3.8( define the Chern-Simons 
class CS2i-iie) G H^^-\B,R/Z) by 

csSUe) = [u]. 

If EUq acts on E — > N, the top order symbol is a homomorphism (Tq : EUq — > g, 
where g acts on 7c*E — > S*N. A Ellg-bundle S has an associated ^-bundle S' with 
transition function ao{A), if A is a transition function of S. A connection 6 with 
curvature ^2 on £^ gives rise to a connection 6' = (To{6) on S' with curvature ctq^Q). 

Since P/°^(fi) = P/°Vo(fi)), we define C^2Z-i(^) = C^2Z-i(^')- 

This indirect definition is necessary at present, because we do not know if ii^EUg — > 
BEWq admits a universal connection. As a result, we can only extend the classical defi- 
nition of Chern-Simons classes to -P/^^'* for trivial EllQ-bundles, using the construction 
of CoroUarv 13.51 

Definition 3.2. For trivial EW^-bundles with connection {S,6) — > B and global 
section x ■ B — > S, and assume that pI ^\VL) = 0. Then the Chern-S imons class 
CS2i-iie,x) e H^^-\B,R/Z) IS defined by 

csi;y,{e,x) = x* \TP{e) • 



Remark 3.3. The Chern-Simons class is independent of the section x fo^' finite 
dimensional groups and for g, since it is defined via a universal connection. 
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4. Properties of Wodzicki-Chern Classes 

In this section we give a proof of Lemma IH.7I We also give a vanishing result for 
Wodzicki-Chern classes on mapping spaces of manifolds generalizing |8j. 

4.1. Integrality of Leading Order Symbol Characteristic Classes. The goal 
of this subsection is to show that G H^\Bg, Z). 

We do not know if the corresponding result H^(P/^^^) G //^'(-BEIIq, Z) is true. 
Fortunately, for FLM, we know that p[~^\Q,^) = fLemma 14. 5|) . This suffices to 
define the Chern-Simons class for the Levi-Civita connections on FLM, if FLM is 
trivial, although the class depends on the choice of global section. 

By P, BQ = C^^{S\BSO{n)) = {f : — > BSO{n)\f*ESO{n) ~ 7^*7^"}. As 
a more general setup, consider a closed manifold and a finite rank real bundle 
E — > M. Let ev : C~(iV,M) x — > M be the evaluation map ev{f,n) = f{n). 
The bundle ev* E determines an infinite rank bundle vr^, ev* E — > C°°{N, M), where 
n^.ev* E\f = r{f*E — > N), with F denoting some Sobolev space of sections. (Here 
vr : C°°In,M) X N — > C°°{N,M) is the projection.) For n e N, define ev„ : 
C-(iV, M) M by ev„(/) = f{n). 

It is well known that connections push down under vr^,. For the gauge group case, 
this gives the following: 

Lemma 4.1. The universal bundle EQ — > BQ is isomorphic to ev* ESO{n). EQ 
has a universal connection 6^^ defined on s E T{EQ) by 

(^f s)(7)(«) = ((ev*n(z,o)«.) (7,«). 

Here 0" is the universal connection on ESO{n) — > BSO{n), and Ug '■ C°°{N, M) x 
A^ — > ev* ESO{n) is defined by Us{f,n) = 

Proof. See 0. □ 
Corollary 4.2. The curvature of 6^^ satisfies 

n'^^iZ, W)sif)in) = ev* n^HZ, 0), (W, 0))w,(/, n). 
Proof. This follows from 

n^^iZ, W)s{f){n) = [Vf V^^ - V^^Vf - Vg^j].(/)(n) 
and the previous lemma. □ 
We now prove that P/°^(^]^^) G H^^{Bg,Z). 

Since evg = evao is homotopy equivalent for every E S^, the cohomology class 
[P°(ev*fi")] G H'^^BG X {no},R) = H^\Bg,W) 
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is independent of oq. Thus 

= A /■ [Tr ao{{eY:Qn^)]dCda, 
Js*s^ 

= [dieYlTr , (4.1) 

= evS[rfzTr((fi-y)], 

since fl^ is a multiplication operator. By the choice of di, the last term in ()4.ip lies 
in ey*H^\BSO{n),Z) C H^\Bg),Z). Thus 

which completes the proof of the Lemma f3. 71 

The following table summarizes the results. 

Table 1. Is P/*^ e Io{G)? 



i P/'^ 1 G ^ 


6? 


Ell* 


p(0) 


yes 


? 


p{-i) 


yes, trivially 


? 






(but see Lemma 4.5) 



Remark 4.1. Let {S, 6) — > i3 be a ^-bundle with connection, where Q is the gauge 
group of the rank n hermitian bundle E — > N, and let / : i3 — > BQ be a geometric 
classifying map. The argument above easily extends to show that the leading 
order Chern class equals f* eYQCi{EU{n)). Thus all leading order Chern classes are 
puUbacks of finite dimensional Chern classes. (This argument was developed with S. 
Paycha. ) 

4.2. A Vanishing Theorem for Wodzicki-Chern Classes. 

Theorem 4.3. If£ — > C°°{N,M) satisfies £ = 'K^ev*E as above, then the Wodzicki- 
Chern classes c^^'^{£) vanish for all k. 

Proof. As in the previous subsection, S admits a connection whose curvature f2 is a 
multiplication operator. is also a multiplication operator, and hence Pi^^\il) = 
0. □ 

For a real infinite rank bundle, Wodzicki-Pontrjagin classes are defined as in finite 
dimensions: pTiS) = {-l)^cl''^{£ ® C). 



dj_ 

An 



Tr (ro{{n^^y)d^da 
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Corollary 4.4. The Wodzicki-Pontrjagin classes ofTC°°{N,M) and of all naturally 
associated bundles vanish. 

Proof. Pick an element /o in a fixed path component of C°°{N, M). For / e tIq, 
TfC°°{N, M) ~ V{f*TM — ^ A^) ~ V{f^TM — > N), where the second isomorphism 
is noncanonical. Thus over each component, TC°°{N, M) is of the form Tr^ev* TM. 
The vanishing of the Wodzicki-Pontrjagin classes of associated bundles (such as ex- 
terior powers of the tangent bundle) follows as infinite dimensions, since there is a 
universal geometric bundle. □ 

We also have a trivial vanishing result for Wodzicki-Pontrjagin forms for FLM. 
Lemma 4.5. The forms P/ "^■'(fi^), / > 1, vanish on FLM. 

Proof. This follows from the fact that (O*)' is of order — /. □ 

Remark 4.2. Similarly, if S — > B is an infinite rank EllQ-bundle, for EUq acting on 
E — > and if S admits a EllQ-connection whose curvature has order —k, then 
= C[n/k]{^) = C[n/k]+i{^) = ■ ■ ■ Thus the Wodzicki-Chern classes are obstructions to 
the negativity of the order of the curvature. 

5. The Chern-Simons Class and Parallelizable Manifolds 

Thanks to Chcrn-Simons formalism, the vanishing of the curvature expressions 
p/ / > 1, in the last lemma is actually an advantange: as in §3, we can define 

Chern-Simons CS2i-ii9',x) e H^^-\LM, R/Z) provided LM is parallelizable. 

In this section, we describe a strategy to detect non-trivial Chern-Simons classes 
on parallelizable loop spaces. 

Lemma 5.1. If M is parallelizable, then LM is parallelizable. 

Proof Let : TM — > M x W he a triviahzation of TM. For e T^LM = 
T{YTM), define 

* : TLM — > LM X T{S^ x M" — > S^) 

^1 ' — > (7, « ^ 7r2((/)(X^(a)))), 

where 712 '■ M x M" — > M" is the projection. It is easy to check that o; is a smooth 
triviahzation of TLM in the ilP norm. □ 

Therefore, for parallelizable M there exists a global section x '■ LM — > FLM. For 

P equal either P/°^ or p/"^^ and / > 1, x*TP{9') e H^^-\LM,m) and [x*TP{9-')] = 

CS^i^iO', x) for i = 0,l. Thus C5^;Li(^') = C^l-il^', x) is nontrivial if there exists 
[z] e H2i-i{LM;Z) with 

(x*rp(r),[z])^z. 
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To find an appropriate [z\, consider the map 

Lemma 5.2. (3^ : Hi{N,Z) — > Hi{L{N x S^),Z) is mjecUve. 

Proof. Fix tto G with its associated evaluation map evg = ev^p : L{N x S^) — > 
N X S^. Let TTi : X S*"*^ — > be the projection. From 

N L{N X NxS' iV, 

we obtain tti o cvq o (3 = Mat, which imphes that /3* is injective. □ 

Set N = B.Yid M = X S\ By the lemma, (3,[S^] G H^{L{S^ x S^),Z) is 
nontrivial. This class works well for / = 2, since CSf{e') G H^{LM,R/Z). 

Corollary 5.3. C^'V') nontrivial m H^{L{S^ x S'^),M./Z) if 

{x*TPie),Ms'])= [ (3*x*TP{e)^z. (5.1) 

Remark 5.1. To compute the integrand in ()5.1|) . it is useful to pick a global frame 
{El, E2, E3} of and £'4 = da for S"^. Then of course 

P*X*TP{9){Ei,E2,E,) = x*TP{9){P,Ei,p,E2,P,E,). 

It is easy to check that 

P^iEi) = (Ei,0,0,0),/5,(E2) = (0,^2,0,0,0), P^iEs) = (0,0,^3,0) (5.2) 

as constant sections of the trivial bundle Tp(^Tn)L{S^ x S^). 



6. Calculations on x S^. 

In this section we explicitly compute a three dimensional Chern-Simons class. In 
^6.11 we begin the computations, and show the vanishing of the Chern-Simons class 
CSf\6^) G H^(LM,'R/Z) associated to the Levi-Civita connection 9^ for a class of 
metrics on M = S"^ x S"^. In ^6.21 we find a metric on M and a global frame x of 
FLM such that CSi'^\e',x) 7^ 0. 

6.L Computations on x S-^ for P2^\ Setting / = 2 and combining (|3.5|) with 
()3.7|) for ^ = ^^'^ on the frame bundle FLM, we obtain 

x*TPie) = --^p(^){x*o A x*0 A x*0) 

= -tAt [ Tr [aoix*0) A ao{x*0) A ao(x*^)] d^da. 
6 ■ 4:71 Js*s^ 

To simplify notation, set cu'' = x*^- Once we choose a metric for M = x and 
X, we can use fj2.2p and ()2.3|) to explicitly compute x*TP{9). 
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Let Ei,E2, be a frame of orthonormal left invariant vector fields for with the 
standard metric. Let E^ = dp, where p is the coordinate on in x S^, and impose 
the usual Lie relations 

[E,, E2] = 2^3, [E2, E;] = 2E,, [El, E3] = -2E2, [Ei, E4] = 0. 

X : LM — ^ ELM will be the "loopification" of the global frame (E,) of S'-^ x S^: 
x(7)(«) = (i?j(7(a;))), which is identified with a gauge transformation of T^LM under 
the isomorphism T^LM ~ 7^^. 

Fix functions A = A (a), fi = fi{a), v = z/(a). Take the metric on M for which 
XEi, fiE2,i'E3, E4 are orthonormal. The non-zero Christoffel coefficients are 



rL = 




^2^2 ^ ^2^2 




A/iz/ 

A V + /u'^^' 






24 — 


^ 22 — 


--, = 



_"p2 -pS 
13' 21 



■■-32; ■'-14 



11 



44 — ± 4j 



AyUZ/ 

A 



J- o 



235 



A 



p2 

; 24 



22 



Set 



f/ = z^' 



//2 \2 



V = fx- 



A=i B = ^, C 



A' 



A/iZ/ 



Z/ 
Z/ 



= A 



2Z/2 



A/iz^ 



(6.1^ 



A direct calculation gives 



\ \Aij^ \Bij^ \Cij^ / 



Here {'?/'*} is the frame dual to {Ei\ 

A straightforward computation using (j2.5|) gives Tr [ao(co''*) A aoiuj^) A gq^uj^)] = 0. 
Thus CS^\6'^) = for this class of metrics, so we turn our attention to CSl^^\6'^). 
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6.2. Computations on x for P^^^K For the case I = 2, ()3.7|) gives 

x*TP{9) = 2j\t'^(^x*0Atx*n + ^{t'-t)[x*e,x*e]^dt 

= Pt'\x*0AX*^)-l:P^''\x*OAx*OAX*O) (6.2) 

6 



TT[a^^{x*eAx*md^da 

wliere 6 = 6''^,Q = Q'^. By tlie symbol calculus for \E'DOs and ()2.5j) . we have 

Tr [a^iix*0 A x*^ A x*^)] = 3Tr [a^i{x*0) A ao(x*^) A Mx*0)] (6.3) 

cr_i(x*^ A x*^^) = MX*0) A a_i(x*l^) (6.4) 

As in ^6.11 we may replace x*^ by uj^ and x*^ by Q"^. 

First, we compute the contribution from ()6.3p to ()6.2|) . Recall that we need to 
compute the terms on the right hand side of ()6.3|1 on P^(TS^). On the loop P{m){a) = 
(m, a), we have ^0,7 = 7 = (0, 0, 0, 1). Thus (j2.4p becomes 

a.^{u\X))t = 2^s^' [diTU + Kt',, - F^^Ff, - ^'^^^..F^^F^, - ^^''^..F^^F^,)] 

+2^s^' [{Tti + S^%,Tl,)d^X^ + (Ff, + S^%,Tl,) X^] . (6.5) 

Note that = for X e (3^iTS'^), as /3^{Ei) does not depend on a by Thus 
on P^:(TS^), (j6.5|) reduces to 

a.,{co^{X))t = 2isr' [diTt, + {Tt,n, - F^.Ff, - ^'^^^..F^.F^, - 5^%.,T;,TI,)] X' 

+2tsr' [da (rr, + 6^%,Tl,) X'] (6.6) 

Combining (j6.6p with the values of the Christoffel symbols from §6.1 gives a messy 
but explicit expression for the contribution of ()6.3|) to ()6.2|) . 

Second, we compute the contribution of ()6.4p to ()6.2|) . The —1 order symbol of the 
curvature in our orthonormal frame is 

^^(7_i(fi^(X, F))f = XW^ [d.T';, - 9.FJ - 6''6^idrr^] 

+X^'y [dp,Tl^ + 6''6midp,TZ - 9,4Fj - ^''^^aMF^ 

+X^Y' [dpTl + 6''6midpTZ - 9,Fy (6.7) 

[7j. Arguing as above ()6.6|) . we see that the first and third terms on the right hand 
side of ()6.7p do not contribute to the Chern-Simons class. In the second term, the 
only possible contributions come from X'' = X^ or = V^, but again by ()5.2p . these 
components vanish on P^(TS^). Thus ()6.4p does not contribute to ()6.2|) . 
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Figure 1. a = 2, J^, f{a) = -26.0687 




Figure 2. a = 8, Jg, f{a) = -100.992 
In summary, on this image 



x*TP{e) 



2n^ 



where the comphcated function / is determined exphcitly by ()6.2|) . ()6.3p . ()6.6|) . For 

A(a) = 1, = 2 H — cos(aa) sin(aQ;), ^{a) = 2 — cos(aa), a G Z, 

ct 

we compute via Mathematica that 



53 



3 27r2 



V^i A 7/;2 A / /(A, /u, z/) = - / /(A, /i, z/) ^ Z 



for various choices of a. (See Figures 1, 2.) By CoroUarv 15. 3t for these (and many 
other) choices of A, fj,, z/, 

is nontrivial. 
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Remark 6.1. The Chern-Simons class CS-^ (^)X) has a linear dependence on the 
Sobolev parameter s, and so keeps track of the s-dependence of the topology of the 
frame bundle. Alternatively, one can define a regularization/parameter independent 
Chern-Simons form as ^CSl~^\6,x) and note that this invariant is non-zero in our 
example. 
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